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{I1,…,Im} – the set of disjoint intervals into which the range of possible 
wind sppeds is divided 
 
Z={z1,…,zn} – the state space of the (semi-Markov) stochastic process  
serving as the wind speed variability model 
 
To each interval Ix , x=1…m, there is assigned a number of states in Z. 
They correspond to various sequences of intervals in which the wind 
speed had stayed before it entered Ix 

 
The number of previously entered intervals taken into account in 
constructing the state space Z depends on the model’s degree of 
accuracy 

The proposed model’s assumptions (1) 
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The proposed model’s assumptions (2) 
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The state space Z for the first and second degrees of accuracy, m=6 
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Y = {Yt : t ≥ 0} – the semi-Markov process with the state space Z,  modeling the wind speed variability 
 
X = {Xk : k ≥ 0} – the embedded Markov chain of Y, i.e. 
Xk - the state of Y at the moment of its k-th state change 
X0 - the state of Y at t = 0 
 
P = [pij] i,j=1…n – the transition matrix of X, i.e. pij = Pr(Xk = zj | Xk–1 = zi), pii = 0, i,j = 1…n 
P is identical for every k, i.e. X is homogenous 
E.g. for the first degree of accuracy we have 
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The proposed model’s assumptions (3) 
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The proposed model’s assumptions (4) 

Tk – the moment of the k-th state change of Y, k ≥ 0, T0 = 0 
  
Sij – the time spent by Y in the state zi provided that the next state is zj 
  
Fij – the distribution function of Sij, i.e. 
 

  𝐹𝑖𝑗 𝑡 = Pr(𝑇𝑘 − 𝑇𝑘−1 ≤ 𝑡  𝑋𝑘 = 𝑧𝑗 ,  𝑋𝑘−1= 𝑧𝑖 , 𝑘 ≥ 1 

 
P and Fij can be obtained from the statistical analysis of wind speed records 
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- Determining parameters which characterize the wind power 
production process – forecasting their future values 

 
Exemplary parameters: 

 
Total/average expected energy output during a given time period 

 
The probability that during a given period the wind speed (wind 
turbine’s output power) will remain within certain limits 

 
- Performing Monte Carlo simulation in order to determine values that 

are difficult to compute analytically 
 

Possible applications 
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It will be demonstrated how to analytically determine the total expected 
energy output during a given time period 
 
πi - the power generated when Y is in the state zi 

 
Gi(u,t) - the expected value of the energy produced in the time period [u,t], 
provided that at the moment u the process Y enters the state zi. 
 
Gi(0,t), i=1,…,n satisfy the following set of equations  
 

𝐺𝑖 0, 𝑡 = 𝜋𝑖𝑡 𝑝𝑖𝑗,1 − 𝐹𝑖𝑗 𝑡 -

𝑗≠𝑖

+ 𝑝𝑖𝑗 ,𝜋𝑖𝑢 + 𝐺𝑗(𝑢, 𝑡)-𝑑𝐹𝑖𝑗(𝑢)
𝑡

0𝑗≠𝑖

 

 
As Y is semi-Markov, it „forgets” its history at each state change, so that 
Gi(s,t) = Gi(0,t – s), i=1…n, and the above equations transform to: 
 

An example (1)  
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𝐺𝑖 0, 𝑡 = 𝜋𝑖 𝑝𝑖𝑗*𝑡,1 − 𝐹𝑖𝑗 𝑡 - +  𝑢𝑑𝐹𝑖𝑗 𝑢
𝑡

0

+

𝑗≠𝑖

+ 𝑝𝑖𝑗 𝐺𝑗(0, 𝑡 − 𝑢)𝑑𝐹𝑖𝑗(𝑢)
𝑡

0𝑗≠𝑖

 

 
Let 
 

𝐻𝑖𝑗 𝑡 = 𝑡 1 − 𝐹𝑖𝑗 𝑡 +  𝑢𝑑𝐹𝑖𝑗 𝑢
𝑡

0

= 𝐸 min 𝑆𝑖𝑗 , 𝑡  

 
hence we have: 
 

(*) 𝐺𝑖 0, 𝑡 = 𝜋𝑖  𝑝𝑖𝑗𝐻𝑖𝑗(𝑡)𝑗≠𝑖 +  𝑝𝑖𝑗  𝐺𝑗(0, 𝑡 − 𝑢)𝑑𝐹𝑖𝑗(𝑢)
𝑡

0𝑗≠𝑖  

 

Let Γ𝑖 𝑠 = ℒ 𝐺𝑖 0, 𝑡 , Φ𝑖𝑗 𝑠 = ℒ 𝑓𝑖𝑗 𝑡 = ℒ
∗ 𝐹𝑖𝑗 𝑡  

 

It also holds that  ℒ 𝐻𝑖𝑗 𝑡 = ,1 − Φ𝑖𝑗 𝑠 -/𝑠
2 

 
ℒ and ℒ* denote the Laplace and Laplace-Stieltjes transforms 

An example (2) 
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Applying ℒ to both sides of (*) we obtain: 
 

Γ𝑖 𝑠 =
𝜋𝑖
𝑠2
 𝑝𝑖𝑗,1 − Φ𝑖𝑗 𝑠 -

𝑗≠𝑖

+ 𝑝𝑖𝑗Φ𝑖𝑗(𝑠)Γ𝑗(𝑠)

𝑗≠𝑖

 

 
which can be written in a condensed matrix form as follows: 
 

(**) 𝐴(𝑠)
Γ1 𝑠
⋮
Γ𝑛 𝑠

=

𝜋1

𝑠2
 𝑝1𝑗,1 − Φ1𝑗 𝑠 -𝑗≠1

⋮
𝜋𝑛

𝑠2
 𝑝𝑛𝑗,1 − Φ𝑛𝑗 𝑠 -𝑗≠𝑛

 

 
where the elements of the matrix A(s) are given by: 
 

 𝑎𝑖𝑗 𝑠 = 𝛿𝑖𝑗 − 𝑝𝑖𝑗Φ𝑖𝑗 𝑠   𝑖, 𝑗 = 1…𝑛    

 
and ij is the Kronecker’s delta.  

An example (3) 
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For the first degree of accuracy the matrix A(s) has the following form 
 
 

1
−𝑝2121 𝑠

−𝑝3131 𝑠
0
0
0
0
0
0
0

 

−12 𝑠

1
0
0
0
0
0
0
0
0

 

0
0
1

−𝑝4343 𝑠

−𝑝5353 𝑠
0
0
0
0
0

 

0
−𝑝2424 𝑠

−𝑝3434 𝑠
1
0
0
0
0
0
0

 

0
0
0
0
1

−𝑝6565 𝑠

−𝑝7575 𝑠
0
0
0

 

0
0
0

−𝑝4646 𝑠

−𝑝5656 𝑠
1
0
0
0
0

 

0
0
0
0
0
0
1

−𝑝8787 𝑠

−𝑝9797 𝑠
0

 

0
0
0
0
0

−𝑝6868 𝑠

−𝑝7878 𝑠
1
0
0

 

0
0
0
0
0
0
0
0
1

−10,9 𝑠

 

0
0
0
0
0
0
0

−𝑝8,108,10 𝑠

−𝑝9,109,10 𝑠

1

 

 
 
For higher degrees of accuracy A(s) has more non-zero elements, however it remains 
sparse. 
 
Notwithstanding the sparsity of A(s), it is practically impossible to find a closed-form 
solution of (**) for other than small values of n. Such a solution would express i(s) in 
terms of pij and ij(s), i,j=1…n. Therefore, (**) has to be solved by means of an 
approximate numerical method. 

An example (4) 
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The algorithm to compute total expected 
energy output in a given time period 

Let {s1,s2,…,sk} be a set of complex numbers that discretizes the vertical line in the 
complex space, used to find Gi(0,t) as the inverse of i(s), i=1…n, according to: 
 

(***) 𝐺𝑖 0, 𝑡 =
1

2𝜋𝑖
lim
𝑦→∞
 𝑒𝑠𝑡Γ𝑖 𝑠 𝑑𝑠
𝑥+𝑖𝑦
𝑥−𝑖𝑦

 

 
The algorithm 
 
for h=1 to k do { 
    for i=1 to n do { 
        find i(sh) by solving (**) for s=sh ## see the remark 

    }  
    for i=1 to n do { 
        update Gi(0,t) as given by (***) for s=sh 
    } 
} 
 
Remark: It is only necessary to store i(sh), i=1…n, for the current h 
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Computation of other parameters 
related to wind speed variability 

Other parameters, e.g. the probability that during a given time period the wind speed 
will remain within certain limits, or the expected number of times it will cross these 
limits, can be foud in a similar way. 
 
E.g., let Ni(u,t) be the expected number of times, in the [u,t] period, the wind speed 
crosses the lower bound of Ia from above, or the upper bound of Ib from below, a≤b, 
provided that at the moment u the process Y enters the state zi. 
The basic set of equations, analogous to that in slide 8, is the following: 
 

𝑁𝑖 0, 𝑡 = 𝑝𝑖𝑗 𝛾 𝑖, 𝑗 + 𝑁𝑗 𝑢, 𝑡 𝑑𝐹𝑖𝑗 𝑢
𝑡

0𝑗≠𝑖

, 𝑖 = 1…𝑛 

 
where 
 
(i,j) = 1 for iZ1 , jZ2 ; otherwise (i,j) = 0  
Z1 = {zZ: a ≤ x(z) ≤ b} 
Z2 = Z \ Z1  
 
The solution method is similar to that presented on slides 8-12. 13 



Thank you for your attention 
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